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ÌÅÒÎÄ ÐÀÑ×ÅÒÀ ÏÀÐÀÌÅÒÐÎÂ
ÏÐÈ ÐÅÃÓËßÐÍÎÌ ÏÅÐÅÑÅ×ÅÍÈÈ

ÊÎÑÛÕ ÑÊÀ×ÊÎÂ

Äàí àëãîðèòì ðàñ÷åòà ïàðàìåòðîâ òå÷åíèÿ ãàçà (íà îñíîâå óðàâíåíèé
×àïëûãèíà) ïðè ðåãóëÿðíîì âçàèìîäåéñòâèè êîñûõ ñêà÷êîâ óïëîòíåíèÿ.
Ðàññìîòðåííàÿ ñõåìà òå÷åíèÿ óñòîé÷èâà ïî îòíîøåíèþ ê èçãèáó ïðåëîì-
ëåííûõ ñêà÷êîâ, ïðè ýòîì ¾æèäêèé êëèí¿ îòñóòñòâóåò.

Óðàâíåíèÿ ×àïëûãèíà â ïåðåìåííûõ θ, σ [1] äëÿ ïëîñêîãî áåçâèõ-
ðåâîãî óñòàíîâèâøåãîñÿ òå÷åíèÿ èäåàëüíîãî ãàçà: ϕθ = −ψσ, ϕσ =
= K(σ)ψθ (ϕ � ïîòåíöèàë ñêîðîñòè, θ � óãîë íàêëîíà âåêòîðà ñêîðîñòè
ê îñè x, ψ � ôóíêöèÿ òîêà, K, σ � ôóíêöèè ×àïëûãèíà) â [2] ïðèâåäåíû
ê íåëèíåéíîé ñèñòåìå â äèâåðãåíòíîé ôîðìå:

(L(u))ϕ = vψ, vϕ = uψ, u = −cσ, v = cθ,

L′(u) = k(u) = −K(σ), c = (γ + 1)

(

γ + 1

2

)3/(γ−1)

, (1)

k(0) = 0, k′(0) = 1,

ãäå γ > 1 � îòíîøåíèå òåïëîåìêîñòåé ãàçà.
Òîãäà íà ñêà÷êå óïëîòíåíèÿ èìååì ([f ] = f+ − f− � ðàçðûâ f íà

ñêà÷êå)

(

dϕ

dψ

)

c

= −
[v]

[u]
= −

[L]

[v]
,

(

dϕ

dψ

)2

c

=
[L]

[u]
; [v]2 = [L][u]. (2)

Ñèñòåìà ×àïëûãèíà â ïåðåìåííûõ v, u èìååò âèä

ϕv = ψu, ϕu = k(u)ψv.

Íà ñêà÷êå (èíäåêñ ¾+¿ äëÿ âåëè÷èí íà çàäíåé ñòîðîíå ñêà÷êà)
(ñì. [2])

(

dϕ

du

)

c

= k+ ψv +

(

dv+
du+

)

c

ψu = ±

√

[L]

[u]

{

ψu +

(

dv+
du+

)

c

ψv

}

, (3)

ò. å. íà óäàðíîé ïîëÿðå èìååì èç (3) óñëîâèå êîñîé ïðîèçâîäíîé äëÿ ψ:
aψu + bψv = 0.
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Òàê êàê èç óðàâíåíèÿ óäàðíîé ïîëÿðû

v+ − v− = ∓
√

(L+ − L−) (u+ − u−), L+ = L(u+), L− = L(u−)

èìååì
(

dv+
du+

)

c

= ∓
1

2

√

[u]

[L]

{

k+ +
[L]

[u]

}

,

òî

2b = 3k+ +
[L]

[u]
, 2a = ∓

(

k+

√

[u]

[L]
+ 3

√

[L]

[u]

)

. (4)

Äëÿ êðèâîëèíåéíîãî ñêà÷êà â îäíîðîäíîì ïîòîêå Ë. Êðîêêî
(L. Crocco) â 1937 ã. ââåë ïîíÿòèå ¾åæåâèäíîé¿ ïîëÿðû. Äëÿ íàêëî-
íà ¾èãîëêè¿ íà ïîëÿðå (îáðàçà ëèíèè òîêà 0 = dψ = ψu du + ψv dv íà
ïëîñêîñòè (v, u)), êîòîðûé õàðàêòåðèçóåò êðèâèçíó ëèíèè òîêà íà ñêà÷-
êå, èìååì: (dv/du)èã = −ψu/ψv = b/a.

Ôóíêöèè u è L ïðåäñòàâèìû (ñì. [1]) èíòåãðàëàìè ïî τ = V 2V −2
max < 1:

u = u(τ\τ∗) = c

τ
∫

τ∗

(1− τ)β

2τ
dτ,

L = L(τ\τ∗) = c

τ
∫

τ∗

−1 + (2β + 1)τ

2τ(1− τ)β+1
dτ ≥ 0, (5)

τ∗ =
γ − 1

γ + 1
> 0, 0 < τ < 1, β =

1

γ − 1
> 0,

k = k(τ) =
−1 + (2β + 1)τ

(1− τ)2β+1
.

Åñëè γ = 1 + 2/m, ãäå m � ÷èñëî ñòåïåíåé ñâîáîäû ìîëåêóëû ãàçà (áåç
êîëåáàòåëüíûõ ñòåïåíåé ñâîáîäû), òî èíòåãðàëû â (5) âû÷èñëÿþòñÿ àíà-
ëèòè÷åñêè. Èç èíòåãðàëà Áåðíóëè äëÿ ÷èñëà Ìàõà M èìååì ñâÿçü ñ τ :
(γ − 1)M 2 = 2τ/(1− τ).

Ïóñòü â îäíîðîäíîì ñâåðõçâóêîâîì ïîòîêå ñ M∞ > 1, V∞, θ∞ = 0
(îñü Ox ||V ∞) äâà êîñûõ ñêà÷êà A+O (y ≥ 0) è A−O (y ≤ 0) â òî÷êå
O(0, 0) ïðåëîìëÿþòñÿ â âèäå êîñûõ ñêà÷êîâ OB+ (y ≥ 0) è OB−. Çà
íèìè â îäíîðîäíîì äîçâóêîâîì ïîòîêå M2 ≤ 1, θ2, p2, V2. Óãëû ïàäå-
íèÿ îáîçíà÷èì ω+ > 0, ω− > 0, óãëû ïðåëîìëåíèÿ ω′

+ > 0, ω′
− > 0

(èíäåêñ ¾+¿ äëÿ âåëè÷èí ïðè y ≥ 0; ¾−¿ äëÿ y ≤ 0). Ìåæäó ñêà÷êà-
ìè íàêëîííûå îäíîðîäíûå ñâåðõçâóêîâûå ïîòîêè èìåþò M1± > 1, θ1±.
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Èíòåíñèâíîñòè ïàäàþùèõ ñêà÷êîâ ξ± = p∞/p1± < 1; äëÿ ïðåëîìëåííûõ
ñêà÷êîâ ξ′± = p2/p1± > 1 (p � äàâëåíèå â ãàçå).

Ïóñòü äàíî M∞, γ, θ2 (ïàðàìåòð íåñèììåòðèè). Òðåáóåòñÿ íàéòè
îñòàëüíûå ïàðàìåòðû. Íà ïëîñêîñòè (v, u) âåðøèíû äâóõ ìàëûõ óäàð-
íûõ ïîëÿð (u1+ è u1−) ëåæàò íà áîëüøîé ïîëÿðå (u∞ > 0, v∞ = 0).
(v2, u2) � âåðõíÿÿ òî÷êà ïåðåñå÷åíèÿ ìàëûõ ïîëÿð, ïðè ýòîì â íåé íà-
êëîíû b/a èãîëîê äâóõ ïîëÿð äîëæíû áûòü îäèíàêîâû (êðèâèçíû ëèíèé
òîêà â O îäèíàêîâû). Òîãäà äëÿ τ2, τ1+, τ1− èìåþò ìåñòî òðè óðàâíåíèÿ
(v2 çàäàíî):

v2 =
√

L(τ1+\τ2) u(τ1+\τ2)−
√

L(τ∞\τ1+) u(τ∞\τ1+),

v2 =
√

L(τ∞\τ1−) u(τ∞\τ1−)−
√

L(τ1−\τ2) u(τ1−\τ2), (6)

−
3k(τ2) +W (τ1+\τ2)

k(τ2) + 3W (τ1+\τ2)

√

W (τ1+\τ2) =
3k(τ2) +W (τ1−\τ2)

k(τ2) + 3W (τ1−\τ2)

√

W (τ1−\τ2),

ãäå ââåäåíî îáîçíà÷åíèå: W (x\y) = L(x\y)/u(x\y).
Ïîñëå ðåøåíèÿ ñèñòåìû îïðåäåëÿåì äðóãèå ïàðàìåòðû:

cθ1+ = v1+ = −
√

L(τ∞\τ1+) u(τ∞\τ1+) < 0,

v1− =
√

L(τ∞\τ1−) u(τ∞\τ1−) > 0,

tgω± =

1−

√

τ1±
τ∞

cos(θ1±)

√

τ1±
τ∞

sin(|θ1±|)

,

tgω′
± =

√

τ1±
τ∞

cos θ1± −

√

τ2
τ∞

cos θ2
√

τ1±
τ∞

sin |θ1±| ±

√

τ2
τ∞

sin θ2

,

ξ± =

(

2γ

γ + 1
M 2

∞ sin2(ω±)−
γ − 1

γ + 1

)−1

,

ξ′± =
2γ

γ + 1
M 2

1± sin2(ω′
± + |θ1±|)−

γ − 1

γ + 1
.

Ïðè èçìåíåíèè ïàðàìåòðà v2 (èëè óãëà θ2) òî÷êà (v2, u2) íà ïëîñêîñòè
(v, u) âû÷åð÷èâàåò ¾ïîÿñ¿ áîëüøîé ïîëÿðû (ïðè v2 = 0 èìååì òî÷êó
Êðîêêî äëÿ ðåãóëÿðíîãî îòðàæåíèÿ êîñîãî ñêà÷êà îò ñòåíêè [2]), åãî
êîíöû � çâóêîâûå òî÷êè, â êîòîðûõ èñ÷åçàåò îäíà ìàëàÿ ïîëÿðà. Ñõîä ñ
ïîÿñà ïðèâîäèò ê òåîðåòè÷åñêîìó ¾æèäêîìó êëèíó¿.
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Â îêîëîçâóêîâîé òåîðèè âçàèìîäåéñòâèÿ ñêà÷êîâ (M ≈ 1, u ≈ 0) [3,4]:

k(u) = u, L(u) =
u2

2
, [v] = ∓ < u > [u];

2b = 3u++ < u >, 2a = ±
( u+
< u >

+ 3 < u >
)

,

< u >=
u+ + u−

2
,

è óðàâíåíèÿ (6) óïðîùàþòñÿ.
Ðàñ÷åò ïàðàìåòðîâ ïîòîêà ïðè v2 = 0 ïîêàçûâàåò (ñì. [2]) óäîâëå-

òâîðèòåëüíîå ïðèáëèæåíèå ê ýêñïåðèìåíòàëüíûì çíà÷åíèÿì (íå î÷åíü
íàäåæíûì) (â [5�7] äàíà áèáëèîãðàôèÿ ïî äàííîé çàäà÷å).
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