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❰áîçíà÷èì ÷åðåç SM , M > 1, êëàññ ãîëîìîðôíûõ îäíîëèñòíûõ â
åäèíè÷íîì êðóãå E = {z : |z| < 1} ôóíêöèé

f(z) = z + a2z
2 + . . . , (1)

óäîâëåòâîðÿþùèõ îãðàíè÷åíèþ |f(z)| < M, z ∈ E.

➶ íàñòîÿùåé ñòàòüå óñòàíàâëèâàåòñÿ ñâîéñòâî ãðàíè÷íîé ïîâåðõíî✲
ñòè ∂V5(M) ìíîæåñòâà çíà÷åíèé V5(M) = {(a2, a3, a4, Re a5) : f ∈ SM}

â îêðåñòíîñòè òî÷êè AM = (0, 0, 0, 1/2(1 − 1/M 4))✱ äîñòîâëÿåìîé ñèìì✲
ìåòðèçîâàííîé ôóíêöèåé Ïèêà

PM4(z) =

√

2z2

M 4(M 2(1 + z4) +
√

(1 + z4)2 − 4z4)
, z ∈ E.

Ñëåäóþùàÿ òåîðåìà ðàçâèâàåò è äîïîëíÿåò ðåçóëüòàò ðàáîò ❬✶❪✱❬✷✱❪✱❬✸❪✳
Òåîðåìà✳ Òî÷êà AM = (0, 0, 0, 1/2(1 − 1/M 4)) ãðàíè÷íîé ïîâåðõíîñòè
∂V5(M)✱ äîñòàâëÿåìàÿ ôóíêöèåé PM4(z)✱ âäîëü íàïðàâëåíèÿ Ima3 èìå✲
åò óãëîâîé õàðàêòåð✳

➘îêàçàòåëüñòâî òåîðåìû✳
Ôóíêöèè f ∈ SM ✱ äîñòàâëÿþùèå òî÷êè ãðàíè÷íîé ïîâåðõíîñòè

∂V5(M) îòîáðàæàþò E íà êðóã ðàäèóñà M ñ íå áîëåå ÷åì ÷åòûðüìÿ êó✲
ñî÷íî àíàëèòè÷åñêèìè ðàçðåçàìè✳ ➮çâåñòíî ❬✹❪✱ ÷òî âñå òàêèå ôóíêöèè
ìîæíî ïðåäñòàâèòü â âèäå f(z) = Mw(z, logM), ãäå

w(z, t) = e−t(z + a2(t)z
2 + . . .) (2)

ÿâëÿåòñÿ èíòåãðàëîì îáîáù➻ííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ❐➻â✲
íåðà

dw

dt
= −w

4
∑

k=1

λk

eiuk + w

eiuk − w
, w|t=0 = z, 0 ≤ t ≤ logM, (3)

✷✼



ñ íåïðåðûâíûìè ôóíêöèÿìè uk = uk(t), k = 1, . . . , 4, è ïîñòîÿííû✲

ìè ÷èñëàìè λk ≥ 0, k = 1, . . . , 4,
4
∑

k=1

λk = 1. ✃ðîìå òîãî✱ óïðàâ✲

ëÿþùèå ôóíêöèè uk óäîâëåòâîðÿþò íåîáõîäèìûì óñëîâèÿì îïòèìàëü✲
íîñòè ñêîëüçÿùåãî ðåæèìà✳ Ïóñòü ak(t), k ≤ 5, îïðåäåëÿþòñÿ ðàçëî✲
æåíèåì ✭✷✮✳ Ñîâåðøèì çàìåíó ïåðåìåííîé t → 1 − e−t è îáîçíà÷èì
ak(t) = x2k−3(t) + ix2k−2(t), k = 2, . . . , 5. Ïðèðàâíèâàÿ êîýôôèöèåíòû
ïðè îäèíàêîâûõ ñòåïåíÿõ z â ðàâåíñòâå ✭✸✮✱ ïîñëå ïðîèçâåä➻ííîé çàìåíû
ïîëó÷èì óïðàâëÿåìóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé✳ Ðàññìîò✲
ðèì óðàâíåíèå îòíîñèòåëüíî ẋ4(t) ýòîé ñèñòåìû

ẋ4(t) = 2
4

∑

k=1

λk[2(x1 sin uk − x2 cosuk) + (1− t) sin 2uk], x4(0) = 0, (4)

0 ≤ t ≤ 1− 1/M.

Ñëåäóÿ ïðèíöèïàì îïòèìèçàöèîííîãî ôîðìàëèçìà✱ ââåä➻ì âåêòîð
ìíîæèòåëåé ❐àãðàíæà Ψ = (Ψ1, . . . ,Ψ7)

T è çàïèøåì ôóíêöèþ ➹àìèëü✲
òîíà

H(t, x,Ψ, u, λ) = −2
4

∑

k=1

λk[cosukΨ1 − sin ukΨ2 + (2(x1 cosuk+

+x2 sin uk) + (1− t) cos 2uk)Ψ3 − (2(x1 sin uk − x2 cosuk) + (1−
−t) sin 2uk)Ψ4 + ((2x3 + x21 − x22) cosuk + 2(x4 + x1x2) sin uk + 3(1−
−t)(x1 cos 2uk + x2 sin 2uk) + (1− t)2 cos 3uk)Ψ5 − ((2x3 + x21−
−x22) sin uk − 2(x4 + x1x2) cosuk − 3(1− t)(x2 cos 2uk − x1 sin 2uk)+
+(1− t)2 sin 3uk)Ψ6 + (2((x5 + x1x3 − x2x4) cosuk + (x6 + x1x4+
+x2x3) sin uk) + 3(1− t)((x3 + x21 − x22) cos 2uk + (x4+
+2x1x2) sin 2uk) + 4(1− t)2(x1 cos 3uk + x2 sin 3uk)+
+(1− t)3 cos 4uk)Ψ7], (5)

ãäå u = (u1, u2, u3, u4), λ = (λ1, λ2, λ3, λ4)✱ λk ≥ 0✱ k = 1, . . . , 4✱
4

∑

k=1

λk = 1, x = (x1, . . . , x7)
T óäîâëåòâîðÿåò ñèñòåìå ✭✹✮✱ à Ψ =

= (Ψ1, . . . ,Ψ7)
T , Ψ7 = 1, óäîâëåòâîðÿåò ñîïðÿæ➻ííîé ñèñòåìå äèôôå✲

ðåíöèàëüíûõ óðàâíåíèé è óñëîâèÿì òðàíñâåðñàëüíîñòè Ψj(1 − 1/M) =
= 0, j = 1, . . . , 6.

❰ïòèìàëüíàÿ óïðàâëÿþùàÿ ôóíêöèÿ u∗ = (u∗1, u
∗
2, u

∗
3, u

∗
4), ñîîòâåò✲

ñòâóþùàÿ ýêñòðåìàëüíîé ôóíêöèè f ∗ ∈ SM â ✭✺✮✱ óäîâëåòâîðÿåò ïðèí✲
öèïó ìàêñèìóìà Ïîíòðÿãèíà ❬✺❪

max
u,λ

H(t, x,Ψ, u, λ) = H(t, x∗,Ψ∗, u∗, λ), 0 ≤ t ≤ 1− 1/M,

✷✽



ãäå (x∗,Ψ∗) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû ✭✹✮ è ñîïðÿæ➻ííîé ñèñòåìû ñ
u = u∗ â èõ ïðàâûõ ÷àñòÿõ✳ Ñëåäîâàòåëüíî✱ ïðè ïîëîæèòåëüíûõ çíà✲
÷åíèÿõ λ1, λ2, λ3, λ4 êàæäàÿ èç êîîðäèíàò u∗1, u

∗
2, u

∗
3, u

∗
4 ÿâëÿåòñÿ êîðíåì

óðàâíåíèÿ
Huk

(t, x,Ψ, u, λk) = 0, k = 1, . . . , 4, (6)

ãäå x = x∗, Ψ = Ψ∗, à λk− ýòî îäèí èç âåêòîðîâ ✭✶✱✵✱✵✱✵✮✱✭✵✱✶✱✵✱✵✮✱✭✵✱✵✱✶✱✵✮
èëè ✭✵✱✵✱✵✱✶✮✳ ❮àëè÷èå ÷åòûð➻õ ðàçëè÷íûõ íà [0, 2π) çíà÷åíèé
u∗1, u

∗
2, u

∗
3, u

∗
4 êîîðäèíàò îïòèìàëüíîãî óïðàâëåíèÿ u∗ õàðàêòåðèçóåò îï✲

òèìàëüíûé ñêîëüçÿùèé ðåæèì✳
Ôóíêöèè PM4 ñîîòâåòñòâóþò êîîðäèíàòû u∗1 = π/4, u∗2 = 3π/4,

u∗3 = 5π/4, u∗4 = 7π/4 îïòèìàëüíîãî óïðàâëåíèÿ u∗ è çíà÷åíèÿ ïàðà✲
ìåòðîâ λ∗

1 = λ∗
2 = λ∗

3 = λ∗
4 = 1/4. Óñëîâèÿ òðàíñâåðñàëüíîñòè ïðèâîäÿò ê

íà÷àëüíûì óñëîâèÿì Ψk(0) = 0, k = 1, . . . , 6. Ïðîâàðüèðóåì ýòè íà÷àëü✲
íûå äàííûå✱ ïîëîæèâ Ψk(0) = αk, k = 1, . . . , 6. Ñîõðàíåíèå ñêîëüçÿùåãî
ðåæèìà â ìîìåíò t = 0 äëÿ âàðüèðîâàííûõ çíà÷åíèé Ψ(0) îçíà÷àåò ðà✲
âåíñòâî ìåæäó ñîáîé êîýôôèöèåíòîâ ïðè λ1, λ2, λ3, λ4 ôóíêöèè ➹àìèëü✲
òîíà ✭✺✮ ïðè t = 0 â òî÷êå u∗ = u∗(α1, α2, α3, α4, α5, α6).

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè λ1, λ2, λ3, λ4, ïîëó÷àåì ñîîòíîøå✲
íèÿ ìåæäó êîîðäèíàòàìè Ψ(0)

α1 = α5 + r1||(α1, α2)||, α2 = −α6 + r2||(α1, α2)||, α4 = 0,

ãäå r1, r2 → 0 ïðè α1, α2 → 0. Ïîëàãàåì òàê æå α3 = 0.

Òàêèì îáðàçîì✱ âàðèàöèÿ íà÷àëüíûõ äàííûõ âåêòîðà Ψ(0)✱ ñîõðàíÿ✲
þùàÿ ñêîëüçÿùèé ðåæèì✱ èìååò âèä

(Ψ1(0),Ψ2(0),Ψ3(0),Ψ4(0),Ψ5(0),Ψ6(0)) = (α1, α2, 0, 0, α1,−α2) +

+o((α1, α2)), (α1, α2) → (0, 0).

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ✭✹✮ ïðè u = u∗ è λ = λ∗ èìååò
ðåøåíèå x∗k(t) = 0, k = 1, . . . , 6, x∗7(t) 6= 0. ➚íàëîãè÷íî ñèñòåìà äèô✲
ôåðåíöèàëüíûõ óðàâíåíèé ñîïðÿæ➻ííîé ñèñòåìû ñ òåìè æå u = u∗ è
λ = λ∗ è ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè â òî÷êå t = 0 èìååò ðåøå✲
íèå Ψ∗(t) = 0.

Òàê êàê Hukuk
(t, x∗,Ψ∗, u∗, λk) 6= 0, òî óðàâíåíèÿ ✭✻✮ îäíîçíà÷íî îïðå✲

äåëÿþò àíàëèòè÷åñêèå íåÿâíûå ôóíêöèè uk = uk(t, x,Ψ), â îêðåñòíî✲
ñòè òî÷êè (x∗,Ψ∗), uk(t, x

∗,Ψ∗) = u∗k, k = 1, 2, 3, 4. ➴ñëè â ïðàâûå
÷àñòè ñèñòåìû ✭✹✮ è ñîïðÿæ➻ííîé ñèñòåìû ïîäñòàâèòü u = u(t, x,Ψ) =
= (u1(t, x,Ψ), u2(t, x,Ψ), u3(t, x,Ψ), u4(t, x,Ψ)), òî èõ ðåøåíèå (x,Ψ) àíà✲
ëèòè÷åñêè çàâèñèò îò íà÷àëüíûõ äàííûõ è ïàðàìåòðà λ. Òàêèì îáðàçîì✱

✷✾



(x,Ψ) èìååò ïðîèçâîäíûå ïî α äî âòîðîãî ïîðÿäêà✳ Ñëåäîâàòåëüíî✱ òåì
æå ñâîéñòâîì îáëàäàåò è óïðàâëåíèå u = u(t, x(α),Ψ(α)) = u(α).

Ïðîäèôôåðåíöèðóåì ñèñòåìó ✭✹✮ ïî αj, j = 1, 2. Òîãäà äëÿ óðàâíåíèÿ
îòíîñèòåëüíî ẋ4(t) èìååì

[

d(x4)αj
dt

]

α=0
=

∑4
k=1((x1)αj

sin u∗k − (x2)αj
cosu∗k+

+(1− t) cos 2u∗k(uk)αj
) (x4)αj

(0) = 0, j = 1, 2.

Ïîäñòàâèì çíà÷åíèÿ u∗1 = π/4, u∗2 = 3π/4, u∗3 = 5π/4, u∗4 = 7π/4,
ïîëó÷èì

[

d(x4)αj

dt

]

α=0

= 0, (x4)αj
(0) = 0.

Ýòî îçíà÷àåò✱ ÷òî èçìåíåíèå êîîðäèíàò âåêòîðà Ψ(0) íå âûçûâàåò èç✲
ìåíåíèÿ êîîðäèíàòû x4 ôàçîâîãî âåêòîðà✱ ñëåäîâàòåëüíî✱ âäîëü íàïðàâ✲
ëåíèÿ Ima3 òî÷êà AM = (0, 0, 0, 1/2(1− 1/M 4)) ãðàíè÷íîé ïîâåðõíîñòè
∂V5(M)✱ äîñòàâëÿåìàÿ ôóíêöèåé PM4(z)✱ èìååò óãëîâîé õàðàêòåð✱ ÷òî
çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû✳
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